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SUMNDMNARY

An approximate solution is given for the equations governing the structure
of the inter-species ionice mterface i discrete sample isotachophoresis (displacement
clectrophoresis. transphoresis) in an wdeal one-dimensional syvstem. in the presence
of 2 common counterion and in the shsence of continuous mobility spectrum spuacer
ampholvtes. It is shown that the approximation is reasonubly sood for values of

-the Kohlrausch-regulated terminator leader concentmtion ratio greater than U3,
The dependence of interfiace thickness o mobility and concentration ratios is dis-
cussed and results are compared -to those in previous literature. Intertice thickness
i~ found to be inversely proportional to leader voltage sradient. :
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trophoretic separition nn.lhod characterized ">\ LLllhl[ velocities for all ions migra-
ting in the svstem once ‘_qullxbnum has been attained. The sample to be separated
15 placed in a tube between leader and termimnator electrolyvie solutions whose fons
are of the same sign as the sample 1ons. and whose mobilities are respectively higher
and lower than the mobilities of aay of the sample ioas. In the absence of co-
moving continuous mobility spectrum spacer ampholytes's the sumple ions separute
inta a number of contiguous compartments arranged in the order of their mobilitics.
ciach compartment. being of uniform  characteristic concentration  governed - by
the Kohlrausch regulating function® (see egn. 331 except in the vicinity of the inter-
faces.

The system was first described by Kendall®. and subscquent work. including
direct method transport number determinations. has been partly reviewed celse-
wherel-3-0-10 7 .

Because of ditfusion effects. the interfaces between the compartments are not
sharp (although in most cases they are much sharper than ionic discontinuities in
other forms of clectrophoresis). but rather 2 continuous distribution of uli ions
exists throughout the entire tube. However. in discrete sumple (as opposed 10 con-
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tinuous frontal} separations, the bulk of the concentrition change of the individual
ion species occurs in a very short length of tube if the mobility differences are not
excessively small. We refer to the distance over which the concentration changes
from 99%, to I, as the interface thickness. .1. This paper presents an approximate
meinod for determining the structure of the concentration and potential gradient
protiles and the interface thicknesses based on a one-dimensional analysis of the
interface which would exist between leader and terminator in a sample-free model.

Such a one-dimensional system has no physical existence. but may approxi-
mate isotachophoretic behaviour under ideal conditions. It is. therefore. a first
step in the theory from which the three-dimensional case may follow if the radial
and longitudinal non-uniformities of real systems can be estimated. Such non-
untformities include the effects of radial and longitudinal temperature gradients
and the various property varittions which result from them. electro-osmosis. electro-
convection. and gravity-dependent phenomena such as sedimentation and thermal
convection. Further corrections are also required for partly ionized compounds
and macromolecules.

A theoretical prediction of the thickness of isotachophoretic interfaces is of
importance in evaluating the maximum resolution of the method for preparative
applications. and in determining in what ways experimental paramecters may be
varied to achieve optimal performance.

A list of symbols is given at the end of the paper.

PREVIOUS WORK

Previous work concerning the determination of the interfice thickness has
been restricted for the most part to one-dimensional interfaces (f.e.. no variations
in a radial direction. steady state conditions) between two essentially 1007, dissocia-
ted electrolyvte solutions having a common counterion. The effects of electro-asmosis
and temperature gradients have been dealt with only in a qualitative manner. The
basic differences between the various analvses to date lie in the additional assump-
tions madce in cach case to render the problem tractable.

Longsworth!! obtained solutions for the concentration profiles of [eader.
terminator. and counterion for the case in which the mobilities of leader and coun-
terion were equal and twice the mobility of the terminator. In his analvsis he imposed
the condition of electrical neutrality throughout the entire system. Although this
is certainly true for points removed from the interfuce region. Guuss™s law requires
some net charge to exist (however small) in the interface region in order that an
electric field gradient exists there.

Martin and Everaerts® consider the case where leader and terminator mobili-
ties are approxmmately equal and assume that diffusion effects can be characterized
by a single diffusion coeflicient for all three ion species. Their results do not show
a dependence of front thickness on counterion mobility. They and Routs'® re-
write the Kohlrausch regulating function to uaccount for partial ionization and
comparimental pH ditferences. with attendant mobility and concentration ditferen-
ces.

Westhaver'® considers the case of a very thick interfice where there is a small
mobility difference. the interface representing & form of frontal enrichment.
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Konstantinov and Oshurkova'® consider only the species continuity equa-
tions for leader and terminator and obiain solutions for the ratio of either leader
or terminator concentration to the sum of the leader and terminator concentrations.
A similar solution is obtained by Routs'® for the ratio of leader concentration to
terminator concentration.

Hall and Hinckley'® obtain solutions valid at points removed from the vicin-
ity of the interface and then estimate interface thicknesses for all three ion species
from this. Hinckley'’ has predicted that the interface thickness should be inversely
proportional to the leader voltage gradient on the basis that difussion depends on
both mobility and concentration gradient. and the latter increases with reduction
of interface thickness (¢f. Routs'®).

Brouwer and Postema'® consider the unsteady problem but neglect diffusion.
thus arriving at a steady state in which all components are separated into distinct
compartments. cach compuartment containing oaly one component. and hence do
not obtain estimates of inierizce thickness. :

GOVERNING EQUATIONS FOR THE ONE-DIMENSIONAL INTERFACE

The governing eqguations for the ore-dimiensional interface in isotachopho-
resls are the species continuity equations for the leader. termimator. and common
counterion. and Gauss's Iiw. These miyv be written as

"7}% + V-(uyn, E y=D,VnT .
1
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It variations in properties over the cross-section of the tube are ncglected.
then the above equations may be simplified to give
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Transforming the problem to a coordinate system moving with the interface
by putting X=x*—U1, the following equations are obtained:

p, &M _ 94 rpny_y 3 ©)
1 d_{ l 1 d‘ d.{’ ¥
da’n3 d dn}
D7 — = > *
P - s (nW3ES)—U as (10)
d*n% dn~
D; s = —Hls d~("3£ )—U — (11)
dE® -
——;--_-—(n,-{—m n3) (12)
dx
Eqns. 9. [0 and 11 may be integrated once to obtain
dam; - -
D, 53 = mmiET—Uni+C, (13)
D, 1,2 = wu.mSE*—Uni+C, (14)
dx
ds ; = o, 7 ~
D, == a5 = —unzE —Un3+C; (13)
The boundary conditions are:
N> - n,— N
n3—0
: 1 16)
n: - N
E*—E,
X—+= n; =0
5 — Al
= (17)
ll.g — A
E*'—' EB

Applying boundary conditions 16. and noting that g, E,~=n.Eyz=U. eqns.
i3. 14 and 15 become
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dn3 ap " ,
D, d;:;zzniE'—Uzli (19)
. dn gk poo% r .
D, das —psn3ET—Un3+ E N(uy +13) (20)

According to the Einstein relation D=pkT;e. For monovalent ions. this is
equivalent to D=k T/q. Using this. and introducing the dimensionless variables n. E
and x, egns. 18, 19, 20 and 12 become

dm, _ mE—n, (20
dx

i;\__:___,,l._;_:i (22)
d(;l\x = —nzE — Z: + 0.(1 +1/b3) (23)
z%’% =1, +Nn.—n; (24)

In non-dimensional terms. the boundary conditions become

X—o—x n,—0, ' ' (25a)
ns —0 . (23b)
ny— 0, (25¢)
E—-1 (25d)

X—+ £ n,—0 (26a)
Hy,— 1 7 : (26b)
ny—1 {26c)
E —0, (26d)

Eliminating £ from eqgns. 21 and 22 gives
n, =n,Ce™
Choosing the origin at the point where #; =, gives C=1, thus
Hy=n,2"" 27
From eqn. 21

dn,

E=1+1/n, e
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Thus

- _ dnl__/dnl
7;1—“[ )] : (29)

Substitution of egns. 27 and 29 in eqn. 24 vields

n,” THRAS
v & » 1
ny=n{l+e¥)—e —— + | — ) (30)
2, iy
where
., du, e
n, = , ete.
1 d.\' s
Thus
- ’ .- 2 . - P 3
: _ . : n,n, —n,n 2n, g ny =2,
i3 _—.n,;w"‘—i—n,(l+c"‘)—z:<————’ L. ')+z:< L (31)
, "y Hy :
Substitution of egns. 28. 30 and 31 in eqn. 23 gives
e ‘; E A, 23 3
2 (A7) T ze™ —en gy ey ng (3—ff—anyT —
P .2 ;3 ¢ /‘}* i ~~
gy " e T FinT (137 — i —(}— =0 (3D

The last term in egn. 32 is obtained by using the relationship

=i+ 1b)=2{l—05} (33)

This may be obtained by applying boundary conditions 23 and 26 to eyn. 13

after it has been put in dimensionless form. Boundary condition 23 yvields as before

Ci=0.(1+1/b3)

Boundary condition 26 gives

r‘:l

Equating the two expressions for C, gives
CL(L+17Db3i=0,+1/b,

Noting that 5.0,==1. eqn. 33 ls obtained by algebraic manipulation. Eqn. 33 has
been described by Kohlrausch® and Weber'” and is known as the Kohlrausch regu-
lating function.

Eqgn. 32 may be rearranged to give

- A\ 3 » ”
; o . on a n ny'n
2o e g™ —e o+ ‘--—I—(s—/))—-. SIS B it SRS
", ", ", o

: zti4
+fe (i'—) +hn {1 +e™) = _Z j‘_.; (34)

1
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SOLUTION OF THE PROBLEM

The problem consists of finding a solution for egn. 34 that satisfies the boun--
dary conditions 25 and 26. The nature of the problem and the boundary conditions
indicate the general shape of the solution curve (it might be referred to as a distorted
sigmoid). The results of the aforementioned references tend to confirm this statement.
Hence we assume a solution of the form

0,

TS
(l + ',"/(.\')L y !

—
’JJ
I

-

n, =

Hence

l):cl’.\'

H~» =
- XN,
(1 = r(x)e

It 1s seen that boundary condilioﬁ 255 is satstied 1if
HX) TN Y

Boundary condiiton 26hb is satistied only if the following conditions are met:
(1) dxry=(z'N;)x

(2) ¥iix)=K

Hence ihe assumed solution for i, becomes

.
B, = —————
R N A
where .
K=t.t (37}
It 1s easily scen thategn. 33 also satisties the other boundary conditions.
Substitution of eqn. 36 into eqn. 34 vields an equation of the form

f(x)=f0, (35)

. As an indication of how well our assumed solution satisfies eqn. 38. we define
the error in the system to be

L IGO[f(x) — fi6,]

Error (%)) = : 70 :

1

In general. the error will be a function of x, and the exponent A, must be
chosen in such a way as to minimize the maximum error for each set of experimental
conditions considered.
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RESULTS

A numerical search routme was employed to determine the optimum value
of N, for each set of parameters considered. the calculations being performed on
the CDC-6400 computer at the University of Arizona Computer Center. The op-
timum value of &, and the resulting maximum error were found to be highly depen-
dent on #- but essentially independent of = and z. The variations of N, and the maxi-
mum error with ¢, are shown in Figs. | and 2, respectively.
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Fig. i. Variation of Ny with ..

Fige. 2. Variation of maximum error with e,

The values of interface thickness for leader and terminator ions were found
to be equal and highly dependent on z and #,. but independent of ~. This same para-
meter dependency was found to be true for the counterion and electric field inter-
face thicknesses. The variations of interfiace thickness with z and 0, are shown in
Figes. 3-5.

DISCUSSION

As can be seen from Fig. 2. the assumed solution satisfies the governing
equattions with negligible error for 0, >0.75. The error increases rapidly for decreas-
ing 0,. At 0,=0.5 the maximum error is about 7.5°,,.

A comparison of Figs. 3 and 4 sho“s that 0; is less than o, and 0,. This result
was also predicted by Hall and Hinckley!®

A comparison of Figs. 3 and 5 shows that for large values of ¢,. 0, is approxi-
nmtel\' equal to o,. but that for small values of 0,. o, 1s (,Onsldt.l‘dbl\’ areater than

Y,. Since a common means of determining o, experimentally is t& measure o, it
vou[d appear that at low values of 0, this method would give values of », which are
larger than they should be. However. since it is for low values of 0, that the error
in our calculations is very large. this may not actually be the case.
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TABLE T

EXPERIMENTAL PARAMETERS
Purameter Experimental value

us Sodium

", Potassium

nz Chioride

y 283 K

1y 3598-i0- 2 cm?-V —t-yec!
] 34.3-10-% cm=-V - l-gec— !
I . 3532510 cm#- V- logec !

Ea 250 V:iem

RY I millimolar

=¥ TH7L-107 ' Fom
% 0.3386

i} 1.79493

19s8-10—4

”

As a numerical example for use in comparison with the results of previous
analyses we consider the conditions given i Table I. For the parameters given.
Fig. 3 gives 0,=227.68. This is a dimensionless interfuce thickness. and it may be
put back into dimensional form by emploving the definition of the dimensionless
distance X given in the symbol table. Thus

For the conditions given this yields an interface thickness 1 ol 0.027 mm.

Martin and Everaerts® predict an interface thickness of 1.2 mm from the re-
sults of their analysis. Applyving the data of Table I to the formulations of Hall
and Hincklev'® and Konstantinov and Oshurkova'® gives values of 0.0038 mm and
0.0113 mm. respectivelv. although the latiter is bused on a definition of interface

" thickness different to that used here.

Arlinger and Routs®®. using a UV detector. detected interface thicknesses of
less than I mm. and Hinckley'™ has detected alkali metal interfaces of 0.2 mm or
less with 2 d.c. electrometric detector although exact measurement is ditiiculi because
of the short distances involved. :

The concentration and electric field profiles for the conditions of Table |
are shown in Fig. 6.

Since the non-dimensional interfiuce thickness is seen to be independent of «.
the variation of dimensional interfuace thickness with terminator voltige gradient
(and hence leader voltage gradient because they are proportional) muy be deter-
mined direcily from the definition of x. Thus

O KT 0,(1— KT
qE,  qEu

A:

Interfuce thickness i1s seen to be inversely proportional to the terminator or
leader voltage gradients with the temperature of the system as a parameter for a
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Figz. 6. Concentration and electric ficld protiles.
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Fig. 7. Variation of interface thickness with terminator voltage gradient.

given 0, This variation is depicted in Fig. 7 for a value of o, equal to 30. and 1s
of the form predicted by Hinckley'” on the grounds previously mentioned.

CONCLUSIONS

The approximate solution given is seen to satisfv the governing equations
for the one-dimensional interface in isotachophoresis with a maximum error of

7.3°,, for values of terminator to leader concentration ratio greater than 0.3, It

vields values of interfuce thickness thit are léss than those of previous analyses. and

this prediction seems to be in line with experimental observations. It is seen that
the sum of the concentrations of leader. terminator. and counterion in the region
of the interface is very small but not zero. in accordance with Gauss’s law. The
interface thickness is found to be inversely proportional to the leader voltage
cradient as predicted by Hinckley!”.
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LIST OF SYMBOLS

b, = Dimensionless mobility =g, 1,

b5 = Dimensioniess mobility==g¢5/1,

C = Integration constant

C; == Integration constant (ions-cm ™ >-sec”!)
C- Integration constant (ions-cm ™~ 2-sec”!)

hO|
I

Integration constant (ions-cm™*-sec™!)
C; = Integration constant
D, = Terminator diffusion coeflicient (cm*/sec)
D> = Leader diffusion coeflicient (cm?/sec)
D; = Counterion diffusion coeflicient (cm?/sec)
E* = Electric fizld (V/cm)
E = Dimensionless eleciric field==F*/E,
E_, = Electric field in terminator zone (V/cm)
Eg == Electric field in leader zone (Vicm)
¢ = Electronic charge (C/electron)
K = Constant
Kk = Boltzmann's consiant (erg/ K)
A = lonic number density in leader zone (ions/cm?®)
N = lonic number density in terminator zone (ions/cm?)
Ny = Constant. exponent in assumed #; solution
»n* = Terminator ionic number density (jons‘cm®)
n¥ = Leader ionic number density (ions/cm?)
n¥ = Counterion ionic number density (ions/cm?)
n, = Dimensicnless terminator ionic number density
#-> = Dimensionless leader ionic number density
r; == Dimensionless counterion ionic number density
g = lonic charge (C/ion)
T == Temperature ("K)
t = Time (sec)
U = Speed of migrating ions (cm/sec)
Xx* = Distance along axis of tube referred to a fixed coordinate system (cm)
X = Distance along axis of tube referred to 4 moving coordinate system (cm)
X = Dimensionless distance along axis of tube referred to a moving coordinate

system==xXqFE /KT
% = Dimensionless parameter=(b,—1)/b.=1—0,
7 = Dimensionless parameter=(b;--1)/b;
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0; = Dimensionless terminator interface thickness

9, = Dimensionless leader interface thickness

903 = Dimensionless counterion interface thickness

0 = Dimensionless electric field interfiace thickness

1 = Dimensional leader or terminator interface thickness (mm)

&* Dielectric constant of the medium (F/m)

Dimensionless dielectric constant=E_“e*/kTM

Dimensionless electric field in leader zone=F,/F ,=1—=x

Dimensionless number density in terminator zone=N/M=(b;0, —1){(b;+1)
1, = Mobility of terminator ion (ecm?-V ™ '-sec™!) ‘

Mobility of leader ion (cm*-V~'-sec™)

ol

s o
&
I

Ly ==
- 13 = Mobility of counterion (cm>-V~'-sec™')
¢ = Function of x in assumed #, solution
» = Function of x in assumed #, solution
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