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tinuous frontal) separations, the bulk of the eoncentr:~tion chtmge of the individual 
ion species occurs in ;I verb: short length of tube if the mobility dill-erences m-c not 
csccssivc!y smalI_ We refer to the distance over \\hich the concentration changes 
from 9l>‘),, to I‘!;, as the interface thickness. _ I. This paper presents an approsimstc 
method for determinin, I* the structure of the concentration and potential gradient 
protiles and the interface thicknesses based on a one-dimensional snalysis of the 
interfax \vhich \vould exist bct\vecn lcadrr md terminator in a sample-free model. 

Such a one-dimensional system has no physical esistcncc. but may approsi- 
mate isotachophorctic behaviour under idcal conditions_ It is. therefore. ;L first 
step in the theory from which the three-dimensional case may follo~v if the radial 
:ml longitudinal non-uniformities of real systems can be cstimatrd. Such non- 
uniformities include the effects of radial t~~cl longitudinal temperature gradients 
anti the various propertv variations which result from them. clrctro-osmo& clectra- 
convection _ and gravit!:-dependent phenomenal such a?; scdin:cnt:ttion and therm:tl 
convection. Further corrections arc also required for partiy ionized co:np~~u~id~ 

:ind macrc~molcrcules. 
A theoretical prediction of the thickness of isot~ichophoretic intcrlitccs is of 

importriiice in evaluating the masimum resolution of the method f~>r prep:icitive 
applic~trions_ and in dstcr.mining in nkir nx_vs csy?erimcntal p;iramctcrs may bc 
varied to achiew optimal performance. 

X list &f s;_vmbals is given at the cnci of d~c p:tpci_ 

PreYious work concernin g the determination of the interfxc thicknea has 
been restricted for the most pa-t to one-Jimen.sion~tl interfaces (i.c*._ 111) \-ariations 
in ;L radix1 direction. stc:td_\- state conditions) bttxvesn Tao csscntiall>- IOO”., disbocia- 
ted electrolyte solutions having :L common counttxion_ The etkcts c,fclcctr~-~~~~~l~~i~ 
and tcmperarure gradients ha\-e been dc;rlt \vith only in :L qualitati\c manner. The 
basic JilGrences between the various a~~alys~s to date lie in the ac!ditional ;tssunlp- 
tions ntadc in each case to render the problem tractable. 

Lon*w.~vorth” obttGned solutions for the concentr:kon protile?; of lcadcr_ 
terminator_ and counterion for the cae in \vhic!z the mobilities of fcadcr and COUII- 

terion were quaI and twice the mobility of the terminator_ In his analysis he imposed 
the condition of electrical neutrality throughout the entire system. r\l\lthough this 
is certainly true for points removed from the interface xv* =ion_ Gauss‘s la\\- requires 
some nr~ charge to rsisst (ho\vever ssmrrll) in the interface region in order that ;LI~ 

electric field grtidient esists there_ 
Martin and Everrrcrts2 consider the cae \vhrrc leader and tcrmkttor mobili- 

ties are approsimatcIy equal and assume that diftirsion effects can be chactc:erized 

by ;I single diftirsion coeflicient for all three ion species. Their results do not sho~v 
a dependence of front thickness on counterion mobility_ They and Routs” re- 
\vrite the Kohh-ausch regulating function to account for partial ionization and 
compartmental pH differences- with attendant mobility and conccntmtion differen- 
ces_ 

\Vesth;tver” considers the case of a very thick interface whcrc there is ~1 small 
mobility dill&-ace_ the interface representin, ‘I 3 form of frontal enrichment. 
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Konstantinov and Oshurko~a’~ consider only the species continuity equzr- 
tions for leader :ttid tcnninator and obtain solutions for the t-ttLio of either leader 
or terminalor concetmxtion to the sun? of the leader and terminator coticetiLraLiotis_ 
A similar solurion is obtained by RoLtLs’5 for the rario of leader conccnmttiot? to 
Lern~inatot- concct~Lt-atiot~. 

Hall and Hincklcy” obtain solutions valid at points removed from the viciu- 
ity of the ititerke and then eslinxtte itilerfxe thicknesses for xl1 three ion species 
from this_ Hitxkley’7 has predicted that the interface thickness should be in\-erscly 

proportional to the leader voltage gradient on the basis that difussion depends on 
borh mobility and concenmtLion gxxlienr. and Lhe larret- increases with reduction 
of interface thickness (c/1 Routs*‘)_ 

l3rou~~er and Postetna’” consider LIT unsteady probletn but neglect dillitsiot~. 
thus xrivitig - A 2 steady State in which Al components we scpar;~tcd inro distincr 
conip:trLnietits_ each compartment containinz OtllU Oilt’ COtllPOtl~tlt_ Xtld llc%CC CiO _ - 
not obL:ii:i estimates of inter fxe thickness_ 

The governing eqLtr:Liotls for ~11~ l~t~c-di!li~tl?;iotl~tl 
rct.is xc the species conLinuiLy equations for the lexda-_ 
cottntcrion. :tnd G;tct~-s iaw_ These nxt>- be \vriLLen ;ts 

rI1cr1 

(I) 

! 3 j 

If vxriati0tl5 in proper tics wcr the crowmxion of the tube a-c ttC~iccLcd_ 
rile above equations may be ?;itnpliIicd to give 
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Transforming the probIem to a coordinate system moving with the interface 
by puttins _T=s*--Ut, the following equations are obtained: 

Eqns. 9_ 10 and 11 may be integrated once to obtain 

The boundary conditions :tre: 

(11) 

(13) 

(13) 
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d 

D, $$ = p&E” - Un; (19) 

-p,nfP- un;+ E,N(p, fit3j (20) 

According to the Einstein relation D=p/;~c. For mo~;o\:alent iony. this is 
equivalent to D=,d-T/q_ Using this_ ami introducin, c~ the dimemionlcss variables IL E 

and _v* eons_ 1% 19: 20 and 12 become 

drl, -_= 
d.x 

rr,E-a, (21) 

In non-dimensional terms_ the boundar>r conditions become 

(23) 

(51) 

(2Sb) 

(l5c) 

(2Sd) 

(xX1) 

(26b) 

(XC) 

(xi) 

Eliminating E from eqns. 21 and 21 gives 

Choosing the origin 

From eqn. 21 

at the point where u1 =n2 gives C= I _ thur 

(3) 
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Substitution of eqns_ 27 and 29 in eqn_ 24 yields 

(29) 

(30) 
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SOLUTION OF THE PROBLEM 

The problem consists of finding ;L solution for eqn. 34 that satisfies the boun- 
dtlry conditions 25 and 26_ The nature of the problem and the boundary conditions 
indicate the generrtl shape of the solution curve (it might be referred to as ;L distorted 
signoid). The results of the aforementioned references tend to confirm this~statement. 
Hence KC ;tssumc a solution of the form 

\VllCX * 

-/ 
k =lp 

It is eaily SWII that eqn. 35 &;o arkties the other boundary conditions. 
Substitution of eqn. 36 into eqn. 34 yields a11 equation of the form 

(37 ! 

As an indication of ho\v \vell our assumed solution satisties rqu. 3S_ \vr‘ deiiue 
the error in the system to be 

111 genertd, the error \vill be a function of s, rind the esponent N, must be 
chosen in such a LK~ as to minimize the maximum error for each set ofesperimental 
conditions considered_ 
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RESULTS 

-4 numerical search routine was employed to determine the optimum value 
of N, for ezch set of parameters considered_ the c&lculations being performed on 
the CDC-6400 computer at the University of Arizona Computer Center. The op- 
timum value of N, and the resulting masirnunl error were found to be highly depen- 
dent on U2 but essentialty independent of x and E_ The variations of N, and the masi- 
mum error with U2 are shoxn in Figs_ I and 2, respectively. 

lOOr 

The values of interface thickness for leader and terminator ions \vere tkund 
to be equal and highly dependent on z and I),. but independent of P_ This smnis pzlm- 
meter dependency was found to be true for the counterion 
face thicknesses_ The variations of interface thickness with 
Fogs_ 3--S_ 

DISCUSSION 

As can be seen from Fig_ 2. the assumed solution 

and electric tirld inter- 
% and 0 2 arc stlwv11 in 

equations with ne$i$ble error for 111 s-O-75 Th e error increases rapidly for decreas- 

ing 0,. At U,-=0.5 the n~&Gnum error is about 7.5”;,_ 
A comparison of Figs. 3 and 4 show that I); is less than 0, and i):. This rcalt 

was also predicted by Hall and HinckIey’“. 
A conqmrison of Fis_ 3 and 5 shows that for large vtllucs of Cl_ f)E is approsi- 

mutely equal to flI_ but that for srnttll wlues of 0,. OE is considerably geater than 
#jI_ Since a common means of determining i), experimentally is t&measure fjEC_ it 
would appear that at low values of (II this method would give values of fj, which are 
larger than they should be. However, since it is for low values of 0, that the error 
in our calculations is very large_ this may not actually be the case. 
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Fig. 2. Let&x and !t’rnlinaror intcrI-xe thickness. 

iiC_ 

x20- 

Fig_ 5. Ektric field intrrfxe thickness. 
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For thr conditions given this Fields an interfacr’ thickness I of 0.027 I~IIL 
Xartin and Everxrts’ predict an interf:,ice thicknc~~ of I.2 mm from rhc t-c‘- 

suit5 of their analysis;. App!_\-iii, *T the data of Table I to the form_t!ationl; of Hall 
and Hinckley Ic and Konstantinov and OshurkoYalG = +ves v;t!uCs of 0.00X nlnl anc! 

0.01 15 mm. respectively_ rr!thou& the latter is based on ;t ctstinition of inttzrfacc 
thickness di!Ikrcnt to that uxx! here. 

_ Arlinyx and Rot&‘. wing ;L UV detector_ detected inter!%2 t!iicknrsl;e~ of 
less than I mm_ atid kiincklcy” has dcttcted alkali metal intcrlkcs of 0.2 mm or 
lrjs with 2 d_c. elt~trometric detector ~ltliougli exxt me:~suremcnt i?; ditiicalt because 
of the short distances into!\-cd. 

The concentration and electric field profi1r.z for thr conditions of Tahlc I 
are show1 in F&z. 6. 

Since the ion-dinxnsioma! icterfxc thicknrss is ?;t’c‘n LO bc indtspenctcnt of :--_ 
the vttri;ttion of- dimensiona! inter&e thickness with terminator valtxgc gr;tdie:it 
(and hence leader voltage gradient because they are proportional! m:t~ be dctcr- 
mind directly from the definition of _v. Thus 

&,kT ii,(l--2)k-r ~=---_z_ 
rlC* cfkJ 

Interface thickness is seen to be inversely proportions! to the terminator or 
leader voltage gradients with the temperature of the system xs a pnramcter for a 
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given b I _ This variation is depicted in Fig. 7 for a v:Liue of 11, equal to 30. amt is 
of the form predicted by Hinckley” on the growi& previously mentioned. 

The approsimate soILLtion Siven is seen to satisfv the governing equations 
for the one-ctimc~;siontl interfke in isotxhophoresis with :L masimum error of 
7-Y:,, for values of terniinator to leader concentration ratio sre:Lter thm 0.3. it 
yields v:A~es of interface thickness thtit are less thm those of previous an:Llyses, and 
this prediction seems to be in line with experimental observtltiocs. It is seen thtlt 
the sum of the concentrations of leader. terminator_ and counterion in the re$on 
of the interfke is very snxLll but not zero. in accordance \viLh GtLuss-s law. The 
interf:ux thickness is found to be inversely proportion;11 to the Ieader voltage 
~~radient ;IS predicted by Hinckley”. 22 



I44 M. COXON, M. J. BINDER 

ACKNOWLEDGEMEN-I-S 
.- - 

The authors wish to express their gratitude to Dr. Milan Bier for his interest 
and comments in discussion_ Thanks are also due to J_ 0. Pi. Hinckley forsu?gest- 
in% this study and for providing us with previous publications and unpublished 
material related to the problem_ 

This study was supported by the National Aeronautics and Space Adminis- 
tration under contract NASS-29566. 

LIST OF SYMBOLS 

b, = 

b, = 

C= 
c, = 
cz = 
c, = 
c3 = 

D, = 
D, = 
D, = 
E* ZzE 

E= 

E;1 = 

Dimensionless mobility=u,!rr, . _.‘ 
Dimensionless mobility==,u,,j;~, 

Integration constant 
Integration constant (ions-cm-‘-set-‘) 

Integration constant (ions-cm-‘-set-‘) 
Integration constant (ions-cm-‘-set-1) 

Integration constant 

Terminator diffusion coefficient (cm’:sed) 
Leader diffusion coeflicient (cm’/sec) 
Counterion diKusion coetficient (cm’lsecj 
Electric field (Vicm.) 
Dimensionless electric field == E”!E_4 
Electric tieId in terminator zone (V;cm) 
Electric Geld in leader zone (V/cm) 
Electronic charge (C:‘electron) 
Constant 
Boitzmann-s constant (erg/’ K) 
Ionic number density in letlder zone (ions!cm3) 
Ionic number density in terminator zone (ions,:cm’) 
Constant. esponent in assumed II, solution 

Terminator ionic number density (ionsicm3) 
Leader ionic number density (ions/cm3) 
Counterion ionic number density (ions;cm3) 
Dimensicnfess terminator ionic number density 
Dimensioniess leader ionic number density 
Dimensionless counterion ionic number density 
Ionic charge (C/ion) 
Temperature (’ K) 
Time (set) 
Speed of migrating ions (cm/set) 
Distance along axis of tube referred to a iised coordinate system (cm) 
Distance along axis of tube referred to ;t moving coordinate system (cm) 
Dimensionless distance aions axis of tube referred to a moving coordinate 
system=_TqE,jkT 

% = Dimensionless pararneter=(bl-I)/&= l---f?, 

r: = Dimensionless parameter= (b3 A 1 )[b3 
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d1 = Dimensionless terminator interfke thickness 
‘5, = Dimensionless leader interface thickness 
3, = Dimensionless counterion interface thickness 
3, = Dimensionless electric field interface thickness 
A = Dimensional leader or terminator interfkce thickness (mm j 
@ = Dielectric constant of the medium (F/m) 
E = Dimensionless dielectric constant= E,‘.9jkTM 
0, = Dimensionless electric field in leader zone=E,;E,= I---% 
0, = Dimensionless number density in terminator zone=NjM=(b,O, + I )/(bj f 1) 

I’ 1 = Mobility of terminator ion (cm’- V-’ -see-I) 
p2 L- Mobility of leader ion (cm’- \I-’ -see-‘) 

113 = Mobility of counterion (cm’- V-’ -set-‘) 
$5 = Function of s in assumed !I! solution 
‘I! = Function of s in assumed II, sohtion 
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